Abstract
Introduction
Let G = (V (G), E(G)) be a graph. A graph G has an order |V (G)| = n and size |E(G)| = m. The set of vertices in a graph G where no two of which are adjacent is called an independent set. For any vertex v ∈ V (G), the open neighborhood of v, is defined by N G (v) = {u ∈ V (G)|uv ∈ E(G)} and the set N G [v] If e = uv is an edge of a graph G, then e is incident with vertices u and v. In this case, we also say that u and v are incident with e. Two edges e 1 and e 2 which are incident with a common vertex v are said to be adjacent edges. If D is a set of edges in G, then the set V D ⊆ V (G) is given by V D = {v ∈ V (G)|uv ∈ D for some u ∈ V (G)}. The subgraph G D of G generated
by D ⊆ E(G) is defined by G D = (V D , D). A subset D of E(G)
is an edge dominating set of G if every edge not in D is adjacent to some edge in D. The edge domination number of G denoted by γ e (G), is the minimum cardinality of an edge dominating set of G. Any edge dominating set of G with cardinality γ e (G) is referred to as a γ e -set of G. The concept of edge domination was introduced by Mitchell and Hedetniemi [6] in 1977 and studied in [1, 3, 4, 5, 8, 10] .
Arumugam and Velammal [2] initiated the study of total edge domination in graphs in 1997. A subset D of E(G) is a total edge dominating set of G if every edge in E(G) is adjacent to an edge in D. The total edge domination number of G denoted by γ te (G), is the minimum cardinality of a total edge dominating set of G. Any total edge dominating set of G with cardinality γ te (G) is referred to as a γ te -set of G. Other studies concerning the concept of total edge domination, with some variations are investigated in [7, 9] . A subset D of E(G) is a restrained edge dominating set of G if every edge not in D is adjacent to an edge in D and to another edge not in D. The restrained edge domination number of G denoted by γ re (G), is the minimum cardinality of a restrained edge dominating set of G. Any restrained edge dominating set of G with cardinality γ re (G) is referred to as a γ re -set of G. A subset D of E(G) is called a restrained total edge dominating set of G if every edge in E(G) is adjacent to an edge in D and every edge not in D is adjacent to another edge not in D. The restrained total edge domination number of G denoted by γ rte (G), is the minimum cardinality of a restrained total edge dominating set of G. Moreover, any restrained total edge dominating set of G with cardinality γ rte (G) is referred to as a γ rte -set of G. 
Figure 1
Case 2: a is odd Let a = 2n+1, where n ≥ 1. Let H 1 be the union of n copies of P 3 and a copy of
.., n} be a component of H 1 . Let G be the graph obtained from H 1 by adding the edges z 1 w 1 , x 2 w 1 , z 2 w 2 , x 3 w 2 ,..., and z n−1 w n−1 , x n w n−1 andwv 1 ,wv 2 ,..., andwv m (see Figure 2 ). The set S = {x 1 y 1 , 
This proves the assertion.
Theorem 2.8 Let G be a graph without isolated vertices. A subset D of E(G) is an edge dominating set of G if and only if V (G)\V D is an independent set.
Proof : Suppose D is an edge dominating set of G.
Thus, e = uv is adjacent to uw. This implies that D is an edge dominating set of G.
Theorem 2.9
Let G be a connected graph of order n ≥ 3. Then γ te (G) = 2 if and only if there exist distinct vertices x, y and z of G such that {x, y, z} ∼ = P 3 or K 3 and V (G)\S is an independent set. Proof : Suppose γ te (G) = 2. Let D = {e 1 , e 2 } be a γ te -set of G. Since D is a total edge dominating set of G, |V D | = 3. Let S = V D = {x, y, z}. Then S ∼ = P 3 or K 3 . Also, V (G)\S is an independent set by Theorem 2.8.
For the converse, suppose that there exist distinct vertices x, y and z of G such that {x, y, z} ∼ = P 3 or K 3 and V (G)\S is an independent set. Assume 
(ii) V (G)\S is an independent set of G;
every element of S is a support vertex, then there exists
Proof : Suppose γ rte (G) = 2. Then G = K 3 and γ te (G) = 2 by Remark 2.5. Hence, by Theorem 2.9, conditions (i) and (ii) hold. Let D = {e 1 , e 2 } be a restrained total edge dominating set of G with V D = S. Suppose S ∼ = P 3 and w ∈ S is a support vertex to some u ∈ V (G)\S. Then uw / ∈ D. Since D is a restrained total edge dominating set of G, there exists ab / ∈ D which is adjacent to uw. This implies that either u or w is incident to ab. Since u is a leaf, w must be incident to ab. Assume that a = w.
Suppose that every element of S is a support vertex. Suppose further that |N G (w) ∩ (V (G)\S)| = 1, for all w ∈ S. Assume that q ∈ S is the vertex incident to both e 1 and e 2 . Let p ∈ V (G)\S such that pq ∈ E(G). Then {e 1 , e 2 } cannot be a restrained total edge dominating set of G because pq is not adjacent to any edge in E(G)\D , contrary to our assumption. Thus, there exists w ∈ S such that |N G (w) ∩ (V (G)\S)| ≥ 2, showing that (iv) holds.
For the converse, suppose that G = K 3 and there exists S ⊆ V (G) with |S| = 3 satisfying (i), (ii), (iii) and (iv). Suppose first that S ∼ = P 3 , say
\S is an independent set, D is a total edge dominating set of G by Theorem 2.8. Let ab ∈ E(G)\D.
If a is not a leaf, then ac ∈ E(G) for some c ∈ S\ {b}. Clearly, ac ∈ E(G)\D and ac is adjacent to ab. Suppose a is a leaf. Then b ∈ S is a support vertex. Hence, by (iii), there exists d ∈ (V (G)\S) ∩ N G (b). Thus, bd ∈ E(G)\D and is adjacent to ab. This shows that D is a restrained total edge dominating set of G.
Finally, suppose that S ∼ = K 3 , where S = {x, y, z}. Suppose that one of x, y and z, say x, is not a support vertex. Let D = {xy, xz}. Then D is a total edge dominating set of G. Let e = uv ∈ E(G)\D. Assume that u ∈ V (G)\S and v ∈ S = V D . Suppose first that v = x. Since x is not a support vertex (that is, u is not a leaf), there exists q ∈ (S\ {x}) ∩ N G (u). Thus, uq ∈ E(G)\D and is adjacent to uv. Suppose v = x. Then uv is adjacent to yz ∈ E(G)\D. Hence, D is a restrained total edge dominating set of G. Suppose now that x, y and z are support vertices. Then by (iv), one of them, say x, satisfies |N G (x) ∩ (V (G)\S)| ≥ 2. Let D 1 = {xy, yz}. Then D 1 is a restrained total edge dominating set of G. Accordingly, γ rte (G) = 2.
Clearly, γ rte (K 1,3 ) = 3. Also, by Theorem 2.10, γ rte (K 1,n−1 ) = 2 for n ∈ {3, 5, 6, ...}. The next result summarizes these facts. , n ≥ 4 .
